A ternary Permutation-CSP is specified by a subset Π of the symmetric group S3. An instance of such a problem consists of a set of variables V and a multiset of constraints, which are ordered triples of distinct variables of V. The objective is to find a linear ordering α of V that maximizes the number of triples whose rearrangement (under α) follows a permutation in Π. We prove that all ternary PermutationCSPs parameterized above average have kernels with quadratic numbers of variables.
Introduction
Parameterized complexity theory is a multivariate framework for a refined analysis of hard (NP-hard) problems. A parameterized problem is a subset L ⊆ Σ * × N over a finite alphabet Σ. L is fixed-parameter tractable if the membership of an instance (I, k) in Σ * × N can be decided in time f (k) · |I| O(1) where f is a computable function of the parameter k only [9, 10, 26] . (We would like f (k) to grow as slowly as possible.)
Given a pair L, L of parameterized problems, a bikernelization from L to L is a polynomial-time algorithm that maps an instance (
for some functions h and g. The function g(k) is called the size of the bikernel. A kernelization of a parameterized problem L is simply a bikernelization from L to itself, i.e., a kernel is a bikernel when L = L .
The notion of a bikernelization was introduced by Alon et al. [1] , who observed that a decidable parameterized problem L is fixed-parameter tractable if and only if it admits a bikernelization to a decidable parameterized problem L . Not every fixed-parameter tractable problem has a kernel of polynomial size unless coNP ⊆ NP/poly [2,3]; low degree polynomial size kernels are of main interest due to applications [15] .
For maximization problems whose lower bound on the solution value is a monotonically increasing unbounded function of the instance size, the standard parameterization by solution value is trivially fixed-parameter tractable. Mahajan and Raman [24] were the first to recognize both practical and theoretical importance of parameterizing maximization problems differently: above tight lower bounds. They considered Max Sat with the tight lower bound m/2, where m is the number of clauses, and the problem is to decide whether we can satisfy at least m/2 + k clauses, where k is the parameter. Mahajan and Raman proved that this parameterization of Max Sat is fixed-parameter tractable by obtaining a kernel with O(k) variables. Despite clear importance of parameterizations above tight lower bounds, until recently only a few sporadic non-trivial results on the topic were obtained [17, 20, 21, 24, 28] .
Massive interest in parameterizations above tight lower bound came with the paper of Mahajan et al. [25] , who stated several questions on fixed-parameter tractability of maximization problems parameterized above tight lower bounds, some of which are still open. Several of those questions were answered by newlydeveloped methods [1, 7, 8, 18, 19] , using algebraic, probabilistic and harmonic analysis tools. In particular, an advanced probabilistic approach allowed Gutin et al. [18] to prove the existence of a quadratic kernel for the parameterized Betweenness Above Average (Betweenness-AA) problem, thus, answering an open question of Benny Chor [26] .
Betweenness is just one representative of a rich family of ternary Permutation Constant Satisfaction Problems (CSPs). A ternary Permutation-CSP is specified by a subset Π of the symmetric group S 3 . An instance of such a problem consists of a set of variables V and a multiset of constraints, which are ordered triples of distinct variables of V. The objective is to find a linear ordering α of V that maximizes the number of triples whose rearrangement (under α) follows a permutation in Π. Important special cases are Betweenness [5, 12, 18, 27] and Circular Ordering [11, 13] , which find applications in circuit design and computational biology [6, 27] , and in qualitative spatial reasoning [23] , respectively.
In this paper, we prove that all ternary Permutation-CSPs have kernels with quadratic numbers of variables, when parameterized above average (AA), which is a tight lower bound. This result is obtained by first reducing all the problems to just one, Linear Ordering-AA, then showing that Linear Ordering-AA has a kernel with quadratic numbers of variables and constraints and, thus, concluding that there is a bikernel with a quadratic number of variables from each of the problems AA to Linear Ordering-AA. Using the last result, we prove that there are bikernels with a quadratic number of variables from all ternary Permutation-CSPs to most ternary Permutation-CSPs. This implies the existence of kernels with a quadratic number of variables for most ternary Permutation-CSPs. The remaining ternary Permutation-CSPs are proved to be equivalent to Acyclic Subdigraph-AA (a binary Permutation-CSP defined in Section 4) and since Acyclic Subdigraph-AA, as shown in [19] , has a kernel
